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Abstract 
This paper examines the possibility to use the strain rate intensity factor for describing the formation of fine grain layers in the 
vicinity of frictional interfaces in metal forming processes. This factor controls the intensity of the equivalent plastic strain rate 
in a narrow zone near such interfaces. The layer of intensive plastic deformation is identified with the layer of fine grains. 
Dimensional analysis is carried out based on the assumption that the increase in the thickness of the layer of intensive plastic 
deformation at a point of the friction surface depends on the strain rate intensity factor and its thickness at this point. An 
approximate value of the strain rate intensity factor in the process of plane strain extrusion is determined from a semi-analytic 
solution. Preliminary experiment is carried out on a copper sheet. As a result, a specific relation for calculating the thickness of 
intensive plastic deformation in the copper is found. 
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1. Introduction 
Severe shear plastic deformation causes the formation of fine grain layers in the vicinity of frictional interfaces 
(Griffiths, 1987; Moylan et al., 2003; Murai et al., 2003; Kajino and Asakawa, 2006; Trunina and Kokovkhin, 2008 
* Corresponding author. Tel.: +7-495-434-3665; fax: +7-499-739-9531. 
E-mail address: sergei_alexandrov@spartak.ru 
 
 
© 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/3.0/).
Selection and peer-review under responsibility of the Department of Materials Science and Engineering, Nagoya University
605 Sergei Alexandrov et al. /  Procedia Engineering  81 ( 2014 )  604 – 609 
among others). Similar layers occur at bi-material interfaces (Sasaki et al., 2010, Thirumurugan et al., 2011, Li et 
al., 2011). Rigid plastic material models are in general capable to predict the occurrence of a narrow layer of 
intensive shearing deformation in the vicinity of frictional interfaces. In particular, it has been shown in 
Alexandrov and Richmond (2001) that the equivalent strain rate approaches infinity near maximum friction 
surfaces. In this work, rigid perfectly plastic solids obeying an arbitrary yield criterion have been considered. The 
maximum friction law requires that the friction stress at sliding is equal to the shear yield stress. The normal strain 
rates are bounded in a local orthogonal coordinate system whose coordinate surface coincides with the friction 
surface. Therefore, the main result obtained in Alexandrov and Richmond (2001) shows that one of the shear strain 
rates in this coordinate system approaches infinity in the vicinity of maximum friction surfaces. A consequence of 
this mathematical feature of rigid perfectly plastic solutions is that the gradient of material properties which are 
dependent of the shear strain rate is very high near the friction surface. This is in qualitative agreement with the 
aforementioned experimental observations. The asymptotic analysis performed in Alexandrov and Richmond 
(2001) has been extended to other rigid plastic models (Alexandrov and Lyamina, 2002; Alexandrov and Mishuris, 
2009; Alexandrov and Jeng, 2013; Alexandrov and Mustafa, 2013). It is worthwhile of note that under certain 
conditions the maximum friction law is confirmed by experiment (see, for example, Kim and Ikeda, 2000). The 
presence of a singular term in the representation of the equivalent strain rate in the vicinity of maximum friction 
surfaces leads to two kinds of difficulty. First, standard finite element methods are not capable to correctly 
approximate the behavior of the velocity field in the vicinity of maximum friction surfaces. Probably, the 
generalized finite element method (Fries and Belytschko, 2010) is. However, to the best of authors’ knowledge, no 
attempt has been done to apply this method to the problem in question. The other difficulty is that infinite strain 
rates are not compatible with conventional evolution equations for parameters characterizing material properties. In 
order to overcome this difficulty, it is possible to develop an approach based on the strain rate intensity factor 
which is the coefficient of the leading singular term in a series expansion of the equivalent strain rate in the vicinity 
of maximum friction surfaces. Several attempts in this direction have been reported in Lyamina et al. (2007), 
Alexandrov and Lyamina (2006, 2011), and Alexandrov et al. (2011). In the present paper, the approach is used in 
conjunction with extrusion test and dimensional analysis.  
2. Conceptual approach 
In the vicinity of maximum friction surfaces the equivalent strain rate, eq[ , is represented as (Alexandrov and 
Richmond, 2001) 
1
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as 0z o . Here z is the normal distance to the maximum friction surface and D is the strain rate intensity factor. 
The equivalent strain rate is defined by 
2
3eq ij ij
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where ij[  are the physical components of the strain rate tensor in any orthogonal coordinate system. The maximum 
friction surface is defined by the condition that the friction stress at sliding is equal to the shear yield stress, k. It is 
evident from Eq. (1) that eq[ of  as 0z o  and that the strain rate intensity factor controls the magnitude of the 
equivalent strain rate in a narrow zone near the friction surface. There are two main arguments against using Eq. (1) 
in applications. Those are: (i) the rigid perfectly plastic model is not valid since eq[ of , and (ii) real surfaces are 
not perfectly rough and therefore the maximum friction law is not valid. However, similar arguments apply to the 
stress intensity factor in the mechanics of cracks. Those are: (i) the theory of linear elasticity is not valid because 
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stresses approach infinity at crack tips, and (ii) crack tips are not sharp and therefore the respective expansion of 
stresses is not valid. Nevertheless, the development of the crack tip stress intensity factor started in the early 1900s 
is still in progress (Paris, 2014). Therefore, it is reasonable to assume that the strain rate intensity factor can be used 
in applied research as well. Dimensional analysis is a powerful means which can be used without sufficient 
preliminary study of the problem. A great account on this technique is given in Gibbings (2011). Let L and T be the 
dimension symbols for length and time, respectively. Checking the dimensions of the quantities on both sides of (1) 
gives the dimensions of the strain rate intensity factor as 1 2 1D L T ' . Here the symbol '  means ‘is dimensionally 
equal to’. A metal forming process is usually classified by the velocity of tool, U. Without having any physical 
theory for predicting the thickness of the layer of intensive plastic deformation near friction surfaces (in the present 
study, the layer of intensive plastic deformation is understood to be identical with the layer of fine grains) it is 
reasonable to guess that the increase in the thickness of this layer, h, at a point of the maximum friction surface 
depends on the magnitude of the strain rate intensity factor and the value of h at this point. Setting out the 
dimensions gives the following lines (a) and (b): 
 
(a) – Variables                                   h          D          U          t 
(b) – Dimensions                               L     1 2 1L T     1LT         T 
 
It has just been specified that 
 1 , ,
dh f D U h
dt
 .   (3) 
The general properties of the rigid perfectly plastic model dictate that 
0D UD .   (4) 
Then, noting line (b) above equation (3) is rewritten as  
 20dh Uf hDdt  .   (5) 
3. Strain rate intensity factor in plane strain extrusion 
In the case of extrusion through a long die the solution for plastic flow through an infinite wedge-shaped 
channel (total angle 2D ) is a good approximation. The latter is available in Hill (1950). In particular, the 
equivalent strain rate defined in (2) is given by 
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as 4\ So  (or T Do ). Here  ,r T  is the plane polar coordinate system such that the maximum friction surface 
is determined by the equation T D , c and B are constants of integration, and \  is related to T  by the following 
equation  
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The equations for c and B are  
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Here H is the initial thickness of the sheet. Equations (8) can be solved numerically for any angle D . It follows 
from Eqs. (6) and (7) that 
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as 4\ So . Since 4\ S  at the maximum friction surface, integration of the second equation with the use of 
the boundary condition 4\ S  for T D  yields  
   4 c o
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as T Do . It follows from the first equation of (9) and (10) that  
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as T Do . Comparing Eq. (1) and (11) shows that  
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Substituting Eq. (12) into Eq. (4) and using Eq. (8) lead to  
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4. Preliminary experiment and its interpretation 
A copper sheet was extruded through the die of total angle 20 with no lubricant. The initial thickness of the sheet 
was 8 mm and its final thickness was 7.5 mm. At the initial state, the microstructure of material was uniform. The 
microstructure of material at the axis of symmetry after extrusion is shown in Fig. 1. This microstructure is 
practically the same as that of the initial sheet. The microstructure of material near the friction surface after 
extrusion is shown in Fig. 2. A narrow layer of fine grains is seen in this figure. Its thickness is about 75 Pm. One 
of the simplest forms of Eq. (5) is 
0
dh UD h
dt
E ,   (14) 
where E  is arbitrary constant. Substituting Eq. (13) into Eq. (14) and replacing dh dt  with ru dh dr  for the 
stationary process considered in Section 3 it is possible to solve the resulting equation using the initial condition 
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that 0h   at the entrance to the plastic zone. As a result, the value of h in the extruded sheet can be found. 
Comparing this value and the experimental result (Fig. 2) has shown that 6E | . 
 
 
Fig. 1. Microstructure of material near the axis of symmetry. 
 
 
Fig. 2. Microstructure of material near the friction surface. 
 
5. Conclusions 
It has been proposed to use the approach based on the strain rate intensity factor for predicting the thickness of 
the layer of intensive plastic deformation in the vicinity of frictional interfaces in metal forming processes. The 
theoretical background of the approach is the series expansion for the equivalent strain rate (1) which is valid for 
rigid perfectly plastic solids in the vicinity of maximum friction surfaces. This result has been extended to other 
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models in Alexandrov and Lyamina (2002), Alexandrov and Mishuris (2009), Alexandrov and Mustafa (2013), 
and Alexandrov and Jeng (2013). Eq. (1) is a mathematical fact and therefore it cannot be ignored once the 
appropriate model and the maximum friction law have been chosen. On the other hand, direct use of Eq. (1) in 
conjunction with conventional evolution equations for parameters characterizing the microstructure of material is 
impossible since the equivalent strain rate approaches infinity near the friction surface. Preliminary experiment on 
plane strain extrusion of a copper sheet has been carried out. Based on the general theory and this experiment it has 
been found that 6E |  in Eq. (14). However, this equation should be considered as a first and very rough 
approximation. A systematic experimental study is required to determine the function f involved in Eq. (5). This 
will be the subject of a subsequent investigation. 
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